Electron transport properties are investigated in an array of mesoscopic rings, where each ring is threaded by a magnetic flux φ. The array is attached to two semi-infinite one-dimensional metallic electrodes, namely, source and drain, where the rings are considered either in series or in parallel configuration. A simple tight-binding model is used to describe the system and all the calculations are done based on the Green's function formalism. Here, we present conductance-energy and current-voltage characteristics in terms of ring-to-electrode coupling strength, ring-electrode interface geometry and magnetic flux. Most interestingly it is observed that, typical current amplitude in an array of mesoscopic rings in the series configuration is much larger compared to that in parallel configuration of those rings. This feature is completely different from the classical analogy which may provide an important signature in designing nano-scale electronic devices.
Introduction
Study of quantum transport in low-dimensional systems has begun to flourish during the past few decades. All the basic features of electron transport in such systems solely depend on the concept of quantum interference effect, and it is generally preserved throughout the sample only for much smaller sizes, while the effect disappears for larger systems [1, 2] . A normal metal mesoscopic ring is a very nice example where the electronic motion is confined and the transport becomes predominantly coherent [3, 4, 5] . Several exotic phenomena are observed in such a ring system [6, 7, 8] , especially in presence of magnetic flux, due to the effect of quantum interferences. In a very recent paper, Peeters et al. [9] have revealed this fact by doing a nice work on an array of mesoscopic rings. At thermodynamic equilibrium, electrons in a mesoscopic ring, threaded by magnetic flux φ, can support non-decaying current even at non-zero temperature. This is the well-known phenomenon and the socalled persistent current [10, 11, 12, 13, 14, 15, 16] in normal metal ring. On the other hand, current trend of the miniaturization of electronic devices has resulted in intensive interest in characterization of these types of nanostructures. There are several methods for preparation of such rings. For example, gold rings can be designed by using templates of suitable structure in combination with metal deposition via ion beam etching [17, 18] . More recently, Yan et al. have prepared gold rings by selective wetting of porous templates using polymer membranes [19] . Though a few research groups have considered the serially [20, 21] or parallely connected ring systems [22] as their models of choice to study electron transport, yet several unexplained features are there in such systems. This motivates us to study electron transport in an array of mesoscopic rings, where each ring is threaded by an AharonovBohm (AB) flux φ. The electron transport properties through a bridge system was first studied theoretically in 1974 [23] . Since then investigation on such two terminal devices is still going on and it is a major challenge in nano-electronics research.
In the present paper we address the electronic transport properties in an array of mesoscopic rings which is attached to two semi-infinite onedimensional (1D) metallic electrodes. To reveal the quantum interference effect on electron transport both the series and parallel configurations are considered (for illustrative purposes see Figs. 1 and 2). An analytic approach based on a simple tight-binding model is given and all the calculations are done using the Green's function formalism [24, 25, 26, 27, 28, 29, 30, 31, 32] . Here, we explore the conductance-energy and current-voltage characteristics as functions of ring-electrode interface geometry, coupling strength of the ring to the side attached electrodes and magnetic flux φ. Very interestingly we observe that, typical current amplitude in an array of mesoscopic rings connected in the series configuration is much higher than the array of such rings connected in the parallel configuration. This behavior is completely different from the conventional resistors where the current through the resistors in series configuration is much smaller than their parallel arrangement. Our numerical study provides several key features which may be useful in designing tailor made nano-scale electronic devices.
We organize the paper specifically as follows.
With a brief introduction (Section 1), in Section 2, we describe the model and the theoretical formulation for our calculations. Section 3 presents the significant results, and finally, we conclude our results in Section 4.
Model and synopsis of the theoretical background
This section follows the theoretical formulation to study electron transport in an array of mesoscopic rings. The rings are coupled to each other through a single lattice site in such a way that both the upper and lower arms of each ring contains equal number of lattice sites. This configuration is the so-called symmetric configuration. The rings are arranged in two different ways, series and parallel, those are schematically presented in Figs. 1 and 2, respectively. Each ring in the array is subjected to an AB flux φ (measured in unit of φ 0 (= ch/e), the elementary flux-quantum) and the array is coupled to two semi-infinite 1D metallic electrodes, namely, source and drain.
To find the conductance (g) of the system, we use the Landauer conductance formula, where g is expressed in terms of the transmission probability (T ) of an electron as [33] ,
This relation is valid only for low temperatures and bias voltages. In terms of the Green's function of Source Drain φ φ φ the array, transmission probability can be expressed like [33, 34] ,
where, G Now, the Green's function for the whole system i.e., array and the electrodes, is defined as,
where, E is the energy of the source electrons and H is the Hamiltonian of the entire system which is of infinite dimension. To evaluate this Green's func- tion, we require to calculate the inverse of an infinite dimensional matrix corresponding to the system consisting of a finite size array and the two semi-infinite electrodes, which is really a difficult task. The full Hamiltonian can be partitioned into sub-matrices corresponding to the individual parts of the system like, 
where, θ = 2πφ/N is the phase factor due the flux φ threaded by individual rings and N is the total number of sites in each ring. Here, t is the nearestneighbor hopping integral, ǫ i is the on-site energy and c † i (c i ) is the creation (annihilation) operator of an electron at the site i. A similar kind of tightbinding Hamiltonian is also used, except the phase factor θ, to illustrate the side attached 1D perfect electrodes where the Hamiltonian is parametrized by constant on-site potential energy ǫ ′ and nearestneighbor hopping integral t ′ . Like the Hamiltonian, Green's function can also be partitioned into submatrices and the effective Green's function for the array is written as [33, 34] ,
where, Σ S and Σ D are the self-energies due to the coupling of the rings to the source and drain, respectively.
The broadening matrices Γ S (E) and Γ D (E), in Eq. 2, are defined as the difference between the retarded and advanced self-energies of the electrodes. Explicitly, one can write,
and the self-energies can be expressed as [33] ,
where, the real parts (Λ S(D) ) correspond to the shift of the energy levels of the array and the imaginary parts (∆ S(D) ) represent the broadening of these energy levels. We do our calculations only at absolute zero temperature. But all these results are also valid at low temperatures for which k B T is much smaller than the average spacing of the energy levels. Using Eq. 8, the broadening matrices can now be written as,
To evaluate the current passing through the array, we use the relation [33] ,
gives the Fermi distribution function with the electrochemical poten-
V is the applied bias voltage. Here, we assume that the entire voltage is dropped across the conductor-electrode interfaces, and, this assumption does not affect significantly the current-voltage characteristics in such a small array [35] . Throughout the calculation, we choose the units where c = e = h = 1 and set the Fermi energy E F at 0.
3 Numerical results and discussion
Conductance-energy characteristics
In order to illustrate the results, we begin our discussion by mentioning the values of the different parameters used for the numerical calculations. In the ring, the site energy ǫ i is fixed to 0 and the nearestneighbor hopping integral t is set to 3. While, for the side-attached electrodes the on-site energy (ǫ ′ ) and the nearest-neighbor hopping strength (t ′ ) are chosen as 0 and 4, respectively. Throughout our study, we narrate all the essential features of electron transport in the two different regimes depending on the strength of the coupling of the ring to the source and drain. One is the weak-coupling regime defined by the condition τ S,D << t. For this regime we choose τ S = τ D = 0.5. Other one is the strongcoupling regime defined by the relation τ S,D ∼ t. In this particular limit, we set the values of the param-eters as τ S = τ D = 2.5. Here, τ S and τ D describe the coupling strengths of the ring to the source and drain, respectively. In addition to these, we also introduce two other parameters N and M to describe the size of the array, where they correspond to the ring size and total number of rings in the array, respectively.
To explore the basic mechanisms of electron transport in an array of mesoscopic rings, we start As illustrative examples, in Fig. 3 we plot the conductance g as a function of injecting electron energy E for a symmetrically connected mesoscopic ring, where (a) and (b) correspond to the results for the weak-and strong-coupling limits, respectively. Here we fix N = 8 (total number of atomic sites in the ring, where the upper and lower arms contain 3 atomic sites). All these results are calculated in the absence of AB flux φ. From the g-E spectra it is observed that, in the case of weakcoupling limit, conductance exhibits sharp resonant peaks for some particular energies, while it (g) disappears for the other energies. Thus, a fine tuning in the energy scale is required to get electron conduction across the ring. At resonances, conductance reaches the value 2, and accordingly, the transmission probability T approaches to unity, since the equation g = 2T is satisfied from the Landauer conductance formula (see Eq. 1 with e = h = 1 in our present formulation). All these resonant peaks are associated with the energy eigenvalues of the ring, and therefore, we can predict that the conductance spectrum manifests itself the fingerprint of the electronic structure of the ring. The situation becomes quite interesting as long as the coupling strength of the ring to the side attached electrodes is increased. In the limit of strong-coupling, all the resonant peaks get substantial widths compared to the weak-coupling case. The contribution to the broadening of the resonant peaks in this strong-coupling limit comes from the imaginary parts of the selfenergies Σ S and Σ D [33] . Hence, by tuning the coupling strength, we can get the electron transmission across the ring for the wider range of energies which provides an important signature in the study of current-voltage (I-V ) characteristics.
To emphasize the effect of AB flux on electron transport through such a ring, now we describe the results presented in Fig. 4 . The results are computed for the same ring i. tion B = ∇ × A. Hence the probability amplitude of finding the electron passing through the ring can be calculated as,
where, φ = A. dr = B. ds is the flux enclosed by the ring. From Eq. 12 it is clearly observed that at φ = φ 0 /2 the transmission probability of an electron through a symmetrically connected ring drops exactly to zero. Now we study the conductance-energy characteristics for an array of two rings (M = 2) having 3 sites in each arm of the individual rings. In Fig. 5 we show the results for φ = 0, while for φ = 0.2 the results are given in Fig. 6 . Both for the weak-and strong-coupling limits we get exactly similar features of resonant peaks i.e., sharp in weak-coupling regime and broadened in strong-coupling regime, as presented in Figs. 3 and 4 . Also, a finite gap across the energy E = 0 appears for any non-zero value of φ (for instance see Fig. 6 ). The only difference is that for such a two ring system number of resonant peaks, associated with the energy eigenvalues, in the conductance spectra gets increased compared to the one ring system. Apart from these features, from Figs. 5 and 6 we see that for some specific energy values resonances are of Fano type, where a sharp peak followed by a sharp deep is observed. With the increase of ring-to-electrode coupling strength, positions of these peaks and deeps and also their heights are unchanged. Only the widths get broadened with the increase of coupling strength. This behavior is quite different from the other resonant peaks where a sharp peak is not followed by a sharp deep.
Following the above conductance-energy characteristics of one and two ring systems, now we focus configuration also decreases compared to the series configuration (Fig. 8) in the presence of φ. Thus, it is manifested that the number of resonant peaks in parallel configuration is always reduced than the series configuration irrespective of φ threaded by the rings. In Fig. 2 , the rings are arranged in parallel configuration where each ring is penetrated by an AB flux φ. In such an arrangement a bigger loop is formed where we do not apply any magnetic flux for our present discussion. We can also apply a magnetic flux through this bigger loop and in that case an electron experiences two magnetic phases during the propagation through upper and lower arms of the rings. Even in that case i.e., in the presence of two fluxes, the number of resonant resonant peaks in parallel configuration is much smaller compared to the series one. Thus in short we can say that, appearance of more resonant peaks in series config- 
Current-voltage characteristics
All the basic features of electron transport obtained from conductance versus energy spectra can be explained in a better way through the current-voltage (I-V ) characteristics. The current across the array is determined by integrating over the transmission curve according to Eq. 10 which is not restricted in the linear response regime, but it is of great significance in determining the shape of the full currentvoltage characteristics. As representative examples, in Fig. 11 we display the current-voltage (I-V ) char- difference in chemical potentials of the two electrodes (µ 1 − µ 2 ) increases, allowing more number of energy levels to fall in that range, and therefore, more number of energy channels are accessible to the injected electrons to pass through the array from the source to drain. Incorporation of a single discrete energy level i.e., a discrete quantized conduction channel, between the range (µ 1 − µ 2 ) provides a jump in the I-V characteristics. In addition to this step-like feature, we also observe that in the absence of φ, current shows non-zero value i.e., electron is allowed to pass through the array as long as the bias voltage is switched on (see the green curve). While, in the presence of φ, the conduction of an electron is started beyond some finite value of the bias voltage, the so-called threshold voltage V th (see the orange and blue lines), which is clear from the g-E spectrum shown in Fig. 8(a) . Thus, by changing the value of φ, V th can be regulated in a controlled way. This behavior may be useful in designing nano-scale electronic devices. The nature of the I-V spectra changes significantly in the case of strong-coupling ( Fig. 11(b) ). Here, the current varies almost continuously as a function of the bias voltage and achieves much higher current amplitude, even an order of magnitude, compared to the weak-coupling case. Therefore, we can emphasize that for a fixed bias voltage V , one can enhance the current amplitude through the bridge system by tuning the ring-to-electrode coupling strength.
At the end, we describe the effect of interface geometry on the behavior of I-V characteristics. The results are plotted in Fig. 12 , where (a) and (b) correspond to the identical meaning as in Fig. 11 . In this parallel configuration, both for the weakand strong-coupling regimes, behavior of the current i.e., step-like and continuous nature, is exactly similar to that as discussed in the case of series configuration. But, the key observation is that, for a fixed ring-electrode coupling strength and applied bias voltage, the current amplitude obtained in the parallel configuration is much smaller compared to that in the series configuration. This anomalous behavior is completely different from the traditional resistors where the current amplitude obtained in the case of parallel arrangement is much higher than that in series configuration. All these features of electron transport may provide some physical insight to study transport properties in array-like geometries.
Concluding remarks
To conclude, we have addressed the electronic transport properties in an array of mesoscopic rings, where each ring is threaded by an AB flux φ.
Both the series and parallel configurations of the rings are considered to reveal the quantum interference effect on electron transport. A parametric approach based on the tight-binding framework is given where all the calculations are done through the Green's function formalism. Our exact numerical calculations describe conductance-energy and current-voltage characteristics in aspects of (a) ringto-electrode coupling strength, (b) ring-electrode interface geometry and (c) magnetic flux. Most significantly we predict that, in a series configuration of mesoscopic rings the typical current amplitude is much higher compared to their parallel configuration. This phenomenon is completely different from the traditional one. Here, we have presented our results only for the array of symmetrically connected mesoscopic rings. All these features are also valid for an array where the rings are coupled asymmetrically to each other and due to the obvious reason we do not plot those results further. Our exact analysis may provide some important signatures to study electron transport in nano-scale systems.
Throughout our work, we have explored the conductance-energy and current-voltage characteristics for an array of 6 mesoscopic rings each having 8 atomic sites. In our model calculations, these typical numbers are chosen only for the sake of simplicity. Though the results presented here change numerically with the ring size and total number of rings, but all the basic features remain exactly invariant. To be more specific, it is important to note that, in real situation the experimentally achievable rings have typical diameters within the range 0.4-0.6 µm. In such a small ring, a high magnetic field is required to produce a quantum flux. To overcome this situation, Hod et al. have studied extensively and proposed how to construct nanometer scale devices, based on Aharonov-Bohm interferometry, those can be operated in moderate magnetic fields [36, 37, 38, 39] . In addition, it is also important to note that here we have done all the numerical calculations for some specific values of the parameters. One can also compute these results for some other typical values of the parameters. In that case only the numerical values will be changed, but the basic characteristics remain unaltered.
In the present paper we have done all the calculations by ignoring the effects of the temperature, disorder, electron-electron correlation, etc. The effect of the temperature has already been reported earlier, and, it has been examined that the presented results will not change significantly even at finite (low) temperature, since the broadening of the energy levels of the ring system due to its coupling to the electrodes will be much larger than that of the thermal broadening. In presence of disorder, scattering process appears in the arms of the rings that can influence the electronic phases, and accordingly, the quantum interference effect is disturbed. All the above pictures are also valid if electron-electron interaction is taken into account. In presence of electronic correlation, the on-site Coulomb repulsive energy U gives a renormalization of the site energies [40] . Depending on the strength of the nearestneighbor hopping integral (t) compared to the onsite Coulomb interaction (U ) different regimes appear. For the case t/U << 1, the resonances and anti-resonances would split into two distinct narrow bands separated by the on-site Coulomb energy.
On the other hand, for the case where t/U >> 1, the resonances and anti-resonances would occur in pairs. In a recent work, Montambaux et al. [41] have studied elaborately the effect of electron-electron correlation on electron transport for some arrays of connected mesoscopic metallic rings. In this work, they have studied how at low temperatures, decoherence is limited by electron-electron interaction.
Finally, we would like to say that we need further study in such systems by incorporating all these effects.
